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GLOBAL GENERATION OF ADJOINT LINE BUNDLES ON PROJECTIVE
5-FOLDS
FEI YE AND ZHIXIAN ZHU
ABSTRACT. Let X be a smooth projective variety of dimension 5 and L be an ample line
bundle onX such thatL5 > 75 andLd·Z ≥ 7d for any subvarietyZ of dimension 1 ≤ d ≤ 4.
We show that OX(KX + L) is globally generated.
1. INTRODUCTION
Throughout this paper, we work over an algebraic closed field k of characteristic zero.
Geometric properties of pluricanonical and adjoint line bundles on surfaces and higher
dimensional varieties have been extensively studied. Motivated by work of Kodaira [Kod68]
and Bombieri [Bom73], who studied pluricanonical maps of surfaces of general type, one
wants to understand explicitly when pluricanonical line bundles or more generally adjoint
line bundles on higher dimension varieties are globally generated or very ample. In [Fuj88],
Fujita posted the following conjecture.
Conjecture 1.1 (Fujita). Let X be a smooth projective variety of dimension n and L be
an ample line bundle on X . Then OX(KX + mL) is globally generated if m ≥ n + 1.
OX(KX +mL) is very ample if m ≥ n + 2.
For curves, the conjecture follows from the Riemann-Roch theorem. For surfaces, the
conjecture was proved by Reider [Rei88] using Bogomolov’s instability theorem [Bog78]
on rank two vector bundles. Unfortunately, so far this method is limited to surfaces.
For n ≥ 3, towards Fujita’s freeness conjecture, people follow a cohomological approach
developed by Kawamata [Kaw84], Reid [Rei83] and Shokurov [Sho85]. The basic idea
is roughly the following. Given a point x ∈ X , under certain assumption on positivity
of D = mL, we can find a general effective Q-divisor G linearly equivalent to λD with
0 ≤ λ < 1 such that the support Z(G) of the multiplier ideal sheaf of G is a normal
subvariety containing x. We then apply Kawamata-Viehweg vanishing theorem to (1− λ)D
and reduce to a problem on Z(G). Some effective results have been obtained in higher
dimensions through this approach.
Demailly [Dem93] proved that OX(2KX + 12nnL) is very ample using analytic tools.
Kolla´r [Kol93] then proved thatOX(2(n+1)(n+2)!(KX+(n+2)L)) is globally generated.
When n = 3, Ein and Lazarsfeld [EL93] proved, among others, that Fujita’s freeness con-
jecture is true. Along with a similar approach, Fujita [Fuj93] introduced an new technique,
namely, calculation of the restrict volume of the pullback of the ample line bundle L along
the exception divisor E of the blowing up at x ∈ X , and improved Ein and Lazarsfeld’s
results.
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By applying a theorem on extension of L2 holomorphic functions, Angehrn and Siu
[AS95], lowered the bound to a quadratic bound.
Theorem 1.2 (Angehrn-Siu). Let X be a smooth projective variety of dimension n and L be
an ample line bundle. If m ≥ 1
2
n(n+ 1) + 1, then OX(KX +mL) is globally generated.
The method was later translated into algebraic setting by Kolla´r [Kol97].
Following the work of Fujita, and Angehrn and Siu, Helmke [Hel99] obtained effective
bounds in arbitrary dimensions in the spirit of Reider.
Theorem 1.3 (Helmke). Let X be a smooth projective variety of dimension n, x ∈ X be a
point and L be an ample line bundle satisfying the following conditions
(1) Ln > nn;
(2) Ln−1 ·H ≥ nn−1 for any hypersurface H ⊂ X containing x;
(3) Ld · Z ≥ multxZ · nd for any any subvariety Z ⊂ X of dimension d = dimZ < n
which contains x.
Then OX(KX +mL) is globally generated at x.
Helmke also showed that multxZ ≤
(
n−1
d−1
)
which makes the bound better than Angehrn
and Siu’s when dimension is not too large. Balancing both results, Heier [Hei02] obtain the
following.
Theorem 1.4 (Heier). Let X be a smooth projective variety of dimension n and L be an
ample line bundle. If m ≥ (e+ 1
2
)n
4
3 + n
2
3 + 1, then OX(KX +mL) is globally generated.
Helmke’s result together with those of Reider, Ein and Lazarsfeld, and Fujita leads to the
following stronger conjecture.
Conjecture 1.5. Let X be a smooth projective variety of dimension n, x ∈ X be a point and
L be an ample line bundle. Assume that Ln > nn and Ld ·Z ≥ nd for any subvariety Z ⊂ X
of dimension d = dimZ < n which contains x. Then OX(KX +mL) is globally generated
at x.
Conjecture 1.5 is true for surfaces and 3-folds. When n = 4, the following theorem of
Kawamata [Kaw97] confirmed Fujita’s base point freeness conjecture but not Conjecture
1.5.
Theorem 1.6 ([Kaw97]). Let X be a smooth projective variety of dimension 4, L be an
ample line bundle on X and x ∈ X be a point. Assume that Ld · Z ≥ 5d for any subvariety
Z ⊆ X of dimension d which contains x. Then OX(KX + L) is globally generated at x.
In this paper, we show a Kawamata-type result on projective 5-folds by carefully analyzing
upper bounds of deficit functions (Definition 2.4) and applying Helmke’s induction criterion
(Proposition 2.7). More precisely, we prove that OX(KX + L) is globally generated if
5
√
L5 > 7 and d
√
Ld · Z ≥ 7 for any subvariety Z of dimension d ≤ 4 (Theorem 4.3).
The same proof also works on 4-folds and reproduces Kawamata’s result.
The paper is organized as follow. We start by recalling some definitions and results from
[Hel99] and [Ein97] in Section 2. In section 3, we study restricted volumes along exceptional
divisors and their applications. We prove our result in Section 4.
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2. THE DEFICIT FUNCTION AND CRITICAL VARIETIES
In this section, X will be a smooth projective variety of dimension n and G will be an
effective Q-divisor on X . The multiplier ideal of G is defined as I(G) = f∗OY (KY/X −
[f ∗G]), where f : Y → X is a log resolution of G. We denote by Z(G) the scheme defined
by I(G).
To prove the global generation of an adjoint line bundle, the key observation is the follow-
ing lemma.
Lemma 2.1. Assume that G is an effective Q-divisor such that Z(G) is 0-dimensional at x.
Let A be an integral divisor such that A − (KX + G) is nef and big. Then the line bundle
OX(A) is globally generated at x.
To apply this lemma to the adjoint line bundle KX +L, we will assume that Ln > nn. By
Riemann-Roch theorem, we can construct an effective divisor G linearly equivalent to λL
with 0 < λ < 1 such that x ∈ Z(G). Then we will show that dimZ(G) = 0 for a suitable
choice of G. However, for a general choice of G, dimZ(G) may be positive, we have to find
a way to modify the initial divisor G to reduce the dimension. For that purpose, we want
Z(G) to be “minimal” in the following sense.
Definition 2.2. Let x be a closed point in X . We say that G is critical at x if
(1) x ∈ Z(G) and x 6∈ Z((1− ε)G) for any 0 < ε < 1 and
(2) KY/X − [f ∗G] = P − F − N for a log resolution f : Y → X such that P , F and
N are effective with no common component, F is a prime divisor, x ∈ f(F ) and
N ∩ f−1(x) = ∅.
The component F is called the critical component of G at x and Z = f(F ) is called the
critical variety of G at x.
Remark 2.3 (Existence, minimality and normality of critical varieties). The technical details
of the following remarks can be found in [Ein97] or [Lee99].
(1) In general, an effective divisor G satisfying (1) of Definition 2.2 may not satisfy
the condition (2) of Definition 2.2. However, if G is ample, then by perturbing G
a little bit, one can construct a new divisor G′ linearly equivalent to (1 + ε)G with
0 ≤ |ε| ≪ 1 such that G′ is critical at x. This technique is called the tie-breaking
trick.
(2) Assume that G is critical. Then (X,G) is log canonical at the point x with the
minimal log canonical center Z(G). Conversely, assume that (X,G) is log canonical
at x with the minimal log canonical center Z = Z(G). If G is not critical at x,
then by the tie-breaking trick, one can create a new divisor G′ linearly equivalent
to (1 + ε)G with 0 ≤ |ε| ≪ 1 such that G′ is critical at x with the critical variety
Z(G′) = Z.
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(3) Let Z be a critical variety at x. Then Z is normal at x. In particular, if Z is a curve,
then Z is smooth at x.
An invariant measuring the difficulty of creating a new divisor G′ with Z(G′) ( Z(G) is
the deficit defx(G) of G at x. This concept was introduced by Ein and Helmke independently
(see [Ein97] and [Hel97]). We follow Ein’s definition (Section 4, [Ein97]) with an adaptation
of Helmke’s definition of “wildness” (Section 3, [Hel99] ).
Let π : Y ′ → X be the blowing-up of x and E be the exceptional divisor. Let g : Y → Y ′
be a log resolution of π∗(G) +E. We then have a log resolution f = g ◦ π : Y → X . Write
KY − f ∗(KX +G) =
∑
ajFj and g∗(E) =
∑
ejFj .
Definition 2.4. If x 6∈ Z(G), we define the deficit of G at x as
defx(G) := inf
f(Fj)=x
{aj + 1
ej
},
where f varies among all log resolutions factoring through π. If G is log canonical at x, we
define
defx(G) := lim
t→0+
defx((1− t)G).
Let Z be a subvariety of X containing x and G be an effective divisor such that (X,G) is
log canonical at x. We define the relative deficit of G over Z at x as
defZx (G) := sup
D
{
defx(G+D)
∣∣∣∣(X,G+D) is log canonical at x, Z(G+D) = Z,and D is an effective Q-divisor
}
.
If there is no effective divisorD such that (X,G+D) is log canonical at x with Z(G+D) =
Z, we define defZx (G) = 0. In the case that G = 0, we write defZx for defZx (0).
Remark 2.5. Assume that G is log canonical at x. We note that the deficit is the same as
Helmke’s definition of local discrepancy [Hel99, Definition in Section 2]:
defx(G) = sup
D
{
ordxD
∣∣∣∣(X,G +D) is log canonical at x, where D isan effective Q–divisor
}
.
(See [Hel97, Definition in Section 3] and [Ein97, Section 4] for equivalent characterizations.)
From this interpretation, we see that the definition of deficit is independent of the choice of
log resolution. If Z = Z(G), then defZx (G) = defx(G).
The following lemma, based on Siu’s idea, shows when we can construct a new divisor G′
with Z(G′) ( Z(G).
Lemma 2.6 ([Ein97, Lemma 4.6]). Let X be a smooth projective variety with an ample line
bundle L.
(1) Let G be an effective Q–Cartier divisor on X with critical variety Z at x ∈ X .
(2) Let B be an effectiveQ–Cartier divisor on Z which is linearly equivalent to qL|Z for
some positive rational number q.
(3) Assume that ordxB > defx(G).
Then there is an effective Q–divisor D linearly equivalent to qL on X such that D|Z = B
and a new divisor G′ = (1− t)G+D′ for some positive number t < 1 such that G′ is critical
at x with Z((1−t)G+D′) ( Z, where D′ is a small perturbation of sD for some 0 < s ≤ 1.
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More precisely, D′ = s′D + H with H a Q–divisor linearly equivalent to δL, where δ is a
sufficiently small positive number such that t and s − s′ are also sufficiently small positive
numbers.
Moreover,
defx(G′) ≤ defx((1− t)G)− ordxD′|Z .
In practice, we have the following induction criterion due to Helmke which can be viewed
as a consequence of the above lemma.
Proposition 2.7 ([Hel97, Proposition 3.2]). Let X be a smooth projective variety, L be an
ample line bundle over X and G be a Q-divisor linearly equivalent to λL for some positive
rational number λ < 1. Assume that G is critical at x with defx(G). Let Z be the critical
variety of G at x and d = dimZ > 0. If
(1) Ld · Z > (defx(G)
1− λ )
d ·multxZ,
then there is a Q-divisor G′ linearly equivalent to λ′L with λ < λ′ < 1 such that G′ is
critical at x with the critical variety Z ′ which is properly contained in Z and
defx(G′)
1− λ′ <
defx(G)
1− λ .
From the Helmke’s criterion, we see the importance of controlling upper bounds for the
deficit defx(G). Thanks to Ein and Helmke, we have some very useful upper bounds for
defx(G).
Proposition 2.8 ([Ein97], [Hel99]).
(1) defx(G) ≤ n− ordxG. (See [Ein97, Proposition 4.1].)
(2) If G is critical at x, then the critical variety is of dimension zero at x if and only if
defx(G) = 0. (See[Ein97, Proposition 4.1].)
(3) Assume that G is critical at x and x ∈ Z where Z is a subvariety of X . Let D be
an effective Q-divisor such that Z is not in the support of D and defZx (G +D) > 0.
Then defZx (G+D) ≤ defZx (G)− ordxD. (See [Hel99, Lemma 3.2].)
By Proposition 2.8 (1) and the definition of relative deficit, we know that if the critical
variety Z of G is a hypersurface, then
defZx (Z) = defx(Z) ≤ n− ordxZ.
Proposition 2.9 ([Ein97, Propostion 4.2]). Assume thatG is critical at x and Z is the critical
variety of G at x. If defx(G) ≥ 1, then defx(G|H) = defx(G) − 1 and G|H is critical at x,
where H is a general hypersurface in X passing through x. In particular, defx(G) ≤ dimZ.
We also note that an implicit upper bound is given by the inequality in the following
theorem.
Theorem 2.10 ([Hel97, Theorem 4.3]). Assume that G is critical at x and Z is the critical
variety of G at x. Let e be the embedding dimension of Z at x, d = dimZ and m = multxZ.
Then
m ≤
(
e− ⌈defx(G)⌉
e− d
)
.
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In particular, if d ≥ 1, then
m ≤
(
e− 1
d− 1
)
.
Remark 2.11. Helmke (Example 3.5 [Hel99]) shows that when the critical variety Z is a
hypersurface, then defx(Z) = dimX−multxZ which shows that the inequality in the above
theorem is optimal.
Inspired by Theorem 2.10, we define an integer αd,e(m) as follows and show that it is an
upper bound of the deficit function.
Definition 2.12. Given positive integers e, d,m satisfying d ≤ e and m ≤ (e
d
)
, we define
αd,e(m) to be the largest integer y such that
(
e−y
e−d
) ≥ m.
Note that 0 ≤ αd,e(m) ≤ d.
Corollary 2.13. Assume thatG is critical at x and Z is the critical variety of G at x. Let e be
the embedding dimension of Z at x, d = dimZ and m = multxZ. Then defx(G) ≤ αd,e(m).
Proof. We note that (
e− y
e− d
)
−m
is a decreasing function of y over the interval [0, d]. Therefore, by Theorem 2.10, we see that
defx(G) ≤ αd,e(m).

It is clear that αd,e(m) ≤ d − 1 if m = multxZ ≥ 2. In fact, we know that the larger the
number m the smaller the integer αd,e(m).
Corollary 2.13 together with Proposition 2.8 (1) implies one of the practically useful re-
sults of the paper.
Lemma 2.14. Let X be a smooth projective variety of dimension n and x ∈ X a point.
Assume that L is an ample line bundle on X . Let G be an effective Q-divisor linearly
equivalent to λL for λ < 1 and critical at x.
If ordxG = λσ for some σ > n, then we have
defx(G)
1− λ ≤
σαd,e(m)
σ − n+ αd,e(m) ,
where m = multxZ(G).
Moreover, if Ln > σnn ≥ nn for some positive number σn, then there exists an effective
Q-divisor G′′ linearly equivalent to λL for some number λ < 1 such that G′′ is critical at x,
ordxG′′ = λσ with σ > σn, and
defx(G′′)
1− λ <
σnαd,e(m)
σn − n+ αd,e(m) .
Proof. By Proposition 2.8 and Corollary 2.13, we have the following inequality
defx(G) ≤ min{αd,e(m), n− ordxG}.
We argue by comparing αd,e(m) with n− ordxG.
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Case 1. If αd,e(m) ≤ n− ordxG = n− λσ, then
1− λ ≥ σ − n+ αd,e(m)
σ
.
Therefore,
defx(G)
1− λ ≤
αd,e(m)
1− λ ≤
σαd,e(m)
σ − n + αd,e(m) .
Case 2. If αd,e(m) ≥ n− ordxG = n− λσ, then λ ≥ n−αd,e(m)σ . Therefore,
defx(G)
1− λ ≤
n− λσ
1− λ ≤
n− σn− αd,e(m)
σ
1− n− αd,e(m)
σ
=
σαd,e(m)
σ − n+ αd,e(m) .
Now we prove the second inequality in Lemma 2.14. By the assumption Ln > σnn ≥ nn,
we may find a positive number σ′ such that n
√
Ln > σ′ > σn. Since Ln > (σ′)n, by
[Laz04, Proposition 1.1.31], there is an effective Q-divisor D linearly equivalent to L such
that ordxD > σ′. Let c be the log canonical threshold lctx(X,D) at x and G′ = cD. By
applying the tie-breaking technique to G′, we may find a Q-divisor G′′ linearly equivalent
to λL with |λ − c| ≪ 1 such that G′′ is critical at x and ordxG′′ = λσ with σ > σn. Since
σαd,e(m)
σ−n+αd,e(m) is a decreasing function of σ, we have the strict inequality
defx(G′′)
1− λ ≤
σαd,e(m)
σ − n + αd,e(m) <
σnαd,e(m)
σn − n+ αd,e(m) .

The same idea used in the above proof together with Lemma 2.6 leads to the following
result which will be used in case (4) in the proof of Theorem 4.3.
Proposition 2.15. Let G′′ be the effective divisor and σn be the positive number in Lemma
2.14. Assume in addition that the critical variety Z(G′′) is smooth at x and Ld ·Z(G′′) ≥ σdn,
where d = dimZ(G′′). Then there is an effective divisor G1 linearly equivalent to λ1L with
λ1 < 1 such that G1 is critical at x and d′ = dimZ(G1) < dimZ(G). Moreover,
defx(G1)
1− λ1 <
σnα
′
σn − n+ α′ ,
where m′ = multxZ(G1) and α′ = αd′,e′(m′).
Proof. By Lemma 2.14, we know that
defx(G′′)
1− λ <
σnαd,e(m)
σn − n + αd,e(m) ≤ σn,
Hence σn(1 − λ) > defx(G′′). Let ε1 be a sufficiently small positive number such that
ε1 < min{1, λ(σ−σn)8 , σn− def(G
′′)
1−λ }. SinceLd·Z(G′′) ≥ σdn, there exists an effectiveQ-divisor
B on Z linearly equivalent to (1− λ)L|Z such that
ordxB = (1− λ)(σn − ε1) > defx(G′′).
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As a result, we can apply Lemma 2.6 to B and G′′ and get a new divisorG1 = (1− t)G′′+
D′ with ordxD′|Z ≥ s′(1−λ)(σn−ε1)+δ0 for some real numbers 0 < t < 1, 0 < s′ < 1 and
nonnegative δ0. In particular, G1 is critical at x with dimZ(G1) < dimZ(G′′). Moreover,
G1 is linearly equivalent to λ1L with λ1 = (1 − t)λ + s′(1 − λ) + δ < 1. The value of t
can be arbitrarily small as long as δ is sufficiently small. We can then choose δ < λ(σ−σn)
4(σn+1)
such that t < min{1
2
, λ} and defx((1− t)G′′)−defx(G′′) < ε12 . Let ε2 be a sufficiently small
positive number such that defx((1− t)G′′)− defx(G′′) < ε2 < ε12 . Recall that
defx(G1) ≤ min{α′, defx(G′′) + ε2 − ordxD′|Z},
where m′ = multxZ(G1) and α′ = αd′,e′(m′). Notice that
defx(G′′) + ε2 − ordxD′|Z
≤ defx((1− t)G′′) + ε2 − ordxD′|Z
≤ n− (1− t)ordxG′′ − ordxD′|Z + ε2
≤ n− (1− t)λσ − (s′(1− λ)(σn − ε1) + δ0)+ ε2
= n− (1− t)λσn − (1− t)λ(σ − σn)−
(
s′(1− λ)(σn − ε1) + δ0
)
+ ε2
< n− (1− t)(λσn + 4ε1)− 1
2
(1− t)λ(σ − σn)−
(
s′(1− λ)(σn − ε1) + δ0
)
+ ε2
(because ε1 < λ(σ−σn)8 )
< n− λ1(σn + ε1) + δ(σn + ε1)− 1
4
λ(σ − σn)
+
(
(1− t)λ+ 2s′(1− λ)− 4(1− t))ε1 − δ0 + ε2
(because 1− t > 1
2
)
< n− λ1(σn + ε1) +
(
(1− t)λ+ 2s′(1− λ)− 4(1− t))ε1 − δ0 + ε2
(because δ(σn + ε1) < δ(σn + 1) < λ(σ−σn)4 )
< n− λ1(σn + ε1)− (1− t)ε1 − δ0 + ε2
(because t < λ < 1 and s′ < 1)
= n− λ1(σn + ε1)−
(
(1− t)ε1 − ε2
)− δ0
< n− λ1(σn + ε1)−
(1
2
ε1 − ε2
)
< n− λ1(σn + ε1).
Hence, defx(G1) ≤ min{α′, n−λ1(σn+ε1)}. Similar to the proof of Lemma 2.14, we argue
by comparing α′ with n− λ1(σn + ε1).
Case 1. If α′ ≤ n− λ1(σn + ε1), then λ1 ≤ n−α′σn+ε1 . Hence
1
1− λ1 ≤
σn + ε1
σn + ε1 − n + α′
and
defx(G1)
1− λ1 ≤
α′
1− λ1 ≤
α′(σn + ε1)
σn + ε1 − n+ α′ <
α′σn
σn − n+ α′ .
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The last inequality follows from the fact that the function f(x) = α′x
x−n+α′ is decreas-
ing.
Case 2. If α′ ≥ n− λ1(σn + ε1), then λ1 ≥ n−α′σn+ε1 . Therefore,
defx(G1)
1− λ1 ≤
n− λ1(σn + ε1)
1− λ1 ≤
n− n− α
′
σn + ε1
(σn + ε1)
1− n− α
′
σn + ε1
=
α′(σn + ε1)
σn + ε1 − n+ α′ <
α′σn
σn − n + α′ .
The second inequality follows from the fact that the function f(x) = n−x(σn+ε1)
1−x is
decreasing. The last inequality follows from the fact that the function f(x) = α′x
x−n+α′
is decreasing.

It will be very helpful to know the singularities of Z, especially the multiplicity multxZ.
In [Kaw97], Kawamata initiated the study of subadjucntion formulas. For critical varieties,
now we have the following characterization on their singularities.
Theorem 2.16 ([FG12]). Assume that G is critical at x with the critical variety Z. Then
there exist an effective Q-divisor DZ on Z such that
(KX +D)|Z = KZ +DZ
and the pair (W,DW ) is klt at x. In particular, Z has at most a rational singularity at x.
Remark 2.17. Let Z be a critical variety and x ∈ Z be a point. Assume that dimZ = 2.
Since x is a rational singularity, then multxZ = e − 1, where e is the embedding dimension
of Z at x.
3. VOLUMES OF GRADED LINEAR SERIES AND APPLICATIONS
Let X be a smooth projective variety of dimension n, mx be the maximal ideal of a closed
point x ∈ X and L be an ample line bundle on X . Let q be a nonnegative real number. Then
A
qk
k := {H0(X, kL ⊗ m⌈qk⌉x )} is a graded sublinear series. We define the volume function
of this sublinear series as Vol(q, L) := lim
k
{ n!
kn
dimAqkk }. For any two real numbers β ≤ γ,
we write Vol(β, γ, L) for the difference Vol(β, L)−Vol(γ, L). We denote by Fk(q) the fixed
part of |kL⊗m⌈kq⌉x | and define φk(q) = q − ordxFk(q)k if |kL ⊗m⌈kq⌉x | 6= ∅ and φk(q) = −∞
otherwise. The function φ(q) = sup
k
{φk(q)} is called the mobility in codimension one of L
at x. We note that φ(q) = lim
k
{φk(q)}, since X is smooth. One very useful property of φ(q)
is the following.
Proposition 3.1 ([Hel99, Lemma 4.1]). The function φ(q) is a concave down function on
R≥0.
The following result, the idea of its proof is due to Fujita (see [Fuj93]), has appeared in
[Kaw97], [Hel99] and [Lee99] in different forms.
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Proposition 3.2. Let β and γ be two positive numbers such that γ > β. Assume that
Vol(t, L) ≥ 0 for any t such that γ ≥ t ≥ β.
Vol(β, γ, L) ≤ n
∫ γ
β
φ(t)n−1dt.
Proof. Let k be a sufficiently divisible integer and t be a rational number. We may as-
sume that kt is an integer, denoted by j. Let π : Y → X be the blow up of X at x, E
be the exceptional divisor and F˜k(j) be the strict transform of the fixed part Fk(j). Then
π∗(Fk(j)) = F˜k(j) + ordxFk(j)E and we have the following commutative diagram
H0(Y,OY (π∗(kL)− F˜k(j)− jE)) H0(E,OE(j − ordxFk(j)))
0 H0(Y,OY (π∗(kL)− (j + 1)E)) H0(Y,OY (π∗(kL)− jE)) H0(E,OE(j)).
ψ
ϕ θ
ρ
where ψ and ρ are restrictions, and ϕ and θ are injections. Because Fk(j) is the fixed part,
we know that ϕ is an isomorphism.
Then
h0(X,OX(kL)⊗mjx)− h0(X,OX(kL)⊗mj+1x )
=h0(Y,OY (π∗(kL)− jE))− h0(Y,OY (π∗(kL)− (j + 1)E))
=dim Im(ρ) = dim Im(ρ ◦ ϕ) ≤ dim Im(θ) = h0(E,OE(j − ordxFk(j)))
≤(j − ordxFk(j))
n−1
(n− 1)! .
Therefore
Vol(β, γ, L) ≤ lim
k→∞
⌈kγ⌉∑
j=⌈kβ⌉+1
(j − ordxFk(j))n−1
(n−1)!
kn
n!
= n
∫ γ
β
φ(t)n−1dt.

The idea behind the proofs of the following two propositions comes essentially from
Helmke [Hel99].
Proposition 3.3. Let L be an ample line bundle on X with Ln > σn ≥ nn and x ∈ X .
Assume that for some rational number q > σ the linear system |kL⊗mkqx | is nonempty for a
sufficiently large k. There exists an effective Q-divisor G linearly equivalent to λL for some
positive λ < 1 such that it is critical at x with ordxG > λσ. Furthermore, if the critical
variety Z = Z(G) is a divisor in X with multxZ = m. Then
defx(G)
1− λ <
n−m
1− λ −
λ
1− λφk(q).
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In particular, if φ(q) > (n−m)− µ(q − σ) for some positive number µ, then
defx(G)
1− λ <
n−m+ µσ
1 + µ
.
Proof. Let D be a general element in |kL ⊗ mkqx |. Let c = lct(X, Dk ) < 1 and G′ = ckD.
Hence G′ is linearly equivalent to cL with ordxG′ ≥ cq. If G′ is critical at x, then we let
G = G′ and λ = c. Otherwise, we can perturb G′ to get the desired divisor G as follows.
By tie breaking, for any 0 ≤ α ≪ 1 and some 0 ≤ ǫ≪ 1, there is an effective Q-divisor H
linearly equivalent to αG such that G = (1− ǫ)(G′+H) is critical at x. Hence G is linearly
equivalent to λL, where λ = (1− ǫ)(1 + α)c. When α is sufficiently small, we have λ < 1
and ordxG ≥ (1− ǫ)ordxG′ ≥ (1− ǫ)cq > λσ.
Now assume that the critical variety Z is a divisor. We write
G = (1− ǫ)(G′ − c
k
Fk(q)) + ((1− ǫ)( c
k
Fk(q) +H)).
Since the critical variety Z is a divisor, we know that G − Z is effective. By the choice
(generality) of G′, the divisor (1− ε)( c
k
Fk(q) +H)− Z is also effective. Hence
defZx ((1− ε)(
c
k
Fk(q) +H)) ≤ defZx (Z).
By Proposition 2.8 (3), we have
defx(G)= defZx (G)
≤ defZx ((1− ǫ)(
c
k
Fk(q) +H))− ordx((1− ǫ)(G′ − c
k
Fk(q)))
≤ defZx (Z)− (1− ǫ)ordx(G′ −
c
k
Fk(q))
≤ defZx (Z)− (1− ǫ)cφk(q)
≤ (n−m)− (1− ǫ)cφk(q).
(2)
Recall that λ = (1 − ǫ)(1 + α)c, c < 1 and 0 ≤ α ≪ 1. Then (1 + α)c < 1 and we obtain
that
defx(G)
1− λ ≤
(n−m)− (1− ǫ)cφk(q)
1− λ (by the inequality (2))
=
(n−m)
1− λ −
1
(1 + α)c
λ
1− λφk(q)
<
(n−m)
1− λ −
λ
1− λφk(q).
(3)
The first inequality in Proposition 3.3 is proved.
By the hypothesis on φ(q), there exist k sufficiently large such that φk(q) > (n − m) −
µ(q − σ). We obtain
(4) defx(G) < (1− λ)(n−m) + λµ(q − σ)
by the inequality (3).
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Note that by Proposition 2.8 (1) we have defx(G) ≤ n− λq ≤ σ − λq. Then
λ
1− λ(q − σ) ≤ σ −
defx(G)
1− λ .
Therefore, from the inequality (4), we get
p =
defx(G)
1− λ < (n−m) + µ(σ − p).
Solving this inequality for p, we see that
p <
n−m+ µσ
1 + µ
,

Proposition 3.4. Assume that Ln > σn ≥ nn. For a real number w in [0, σ(n−1)
n
), we set
µ(w) to be the minimal positive number satisfying
(5) (
w
σ
+ µ)n
µ(1 + µ)n−1
≤ 1.
Then there exists a rational number q > σ such that
(6) φ(q) > w − µ(w)(q − σ)
for all numbers w ∈ [0, σ(n−1)
n
). In particular, there exists a rational number q > σ such that
φ(q) > w − w
σ(σ − 1− w)(q − σ)
for all w ∈ [0, n− 1).
Proof. Assume contrarily that for every rational number q > σ, there exists some w such
that the inequality (6) fails. For simplicity, we write lw(q) = w − µ(w)(q − σ). We claim
that there is a real number w ∈ [0, σ(n−1)
n
) such that φ(q) ≤ lw(q) for any rational number
q > 0.
We define
ψ(q) := sup
w∈[0,σ(n−1)
n
)
{lw(q)}
for q > 0. As the supreme of a family of linear functions, the function ψ(q) is a concave up
function of q with ψ(σ) = σ(n−1)
n
. We also note that µ(w) → +∞ as w → σ(n−1)
n
. That
implies ψ(q) = ∞ for q < σ. Since we assume contrarily that φ(q) ≤ w − µ(w)(q − σ)
for every rational number q > σ, we see that ψ(q) ≥ φ(q) for all q > 0. Recall that φ(q)
is concave down and ψ(q) is concave up for q ≥ σ. Then φ(q) and ψ(q) are separated by a
tangent line of ψ(q) (see Figure 1). This fact proves our claim that there is a w ∈ [0, σ(n−1)
n
)
such that φ(q) ≤ lw(q) =: l(q) for every q > 0.
Set ν = µ(w), a = w+νσ
1+ν
≤ σ and b = σ + w
ν
≥ σ.
l(a) = w − ν(w + νσ
1 + ν
− σ) = w + νσ
1 + ν
= a,
l(b) = w − ν(σ + w
µ
− σ) = 0.
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a σ b
a
σ − σ/n
σ
ψ(q)
l(q)
φ(q)
q
FIGURE 1. Relations between l(q), φ(q) and ψ(q)
Therefore,
φ(t) ≤ min{t, l(t)} ≤


t 0 ≤ t ≤ a
l(t) a ≤ t ≤ b
0 t ≥ b.
By Proposition 3.2, we have
Vol(0, b, L) ≤
∫ a
0
ntn−1dt +
∫ b
a
nφ(t)n−1dt
≤
∫ a
0
ntn−1dt +
∫ b
a
nl(t)n−1dt
= an − 1
ν
[l(b)n − l(a)n]
= an(1 +
1
ν
) = σn
(w
σ
+ ν)n
ν(1 + ν)n−1
.
≤ σn.
Consequently, Vol(b, L) ≥ Vol(0, L) − σn = Ln − σn > 0. It follows that |kL ⊗ mrkx | 6= ∅
for a rational number r > b and k ≫ 0 which implies that φ(r) ≥ 0. However, we have
φ(r) ≤ l(r) < 0. This is a contradiction.
For the last assertion, it is enough to check that for any w ∈ [0, n−1), w
σ(σ−1−w) satisfying
inequality (5). Hence w
σ(σ−1−w) ≥ µ(w) and we obtain our assertion. 
Corollary 3.5. Under the assumptions in Proposition 3.3, we have
defx(G)
1− λ <
σ(n−m)
σ − 1 .
4. GLOBAL GENERATION OF ADJOINT LINE BUNDLES
By Proposition 2.7, in order to get smaller lower bounds on Ld ·Z, we want smaller upper
bounds for ( defx(G)
1−λ )
n−1 · multxZ. By Lemma 2.14, we see that the integer αd,e(m) is a key
factor. In lower dimensional cases, one can easily find αd,e(m) by solving the equation in
Definition 2.12.
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Example 4.1. Assume that Z is the critical variety of an effective divisorG at x and dimZ =
2. By Remark 2.17, we know thatm = multxZ = e−1, where e is the embedding dimension.
Then by Theorem 2.10, we have the following inequality
m ≤
(
m+ 1− α2,e(m)
m− 1
)
.
If m ≥ 2, then defp(G) ≤ α2,e(m) = 1.
Example 4.2. Let G be an effective divisor on a smooth projective variety X of dimension
5. Assume that G is critical at x and the critical variety Z(G) is of dimension 3. If Z(G) is
not smooth at x, then
defx(G) ≤ α3,5(m) =
{
2, multxZ(G) = 2, 3;
1, multxZ(G) = 4, 5, 6.
By calculating the integer αd,e(m) and applying Lemma 2.14, Corollary 3.5 and Proposi-
tion 2.7, we prove the following effective result on global generation of adjoint line bundles
on 5-folds. In the proof, we will fix d in each case, therefore we will use α(m) for αd,e(m).
We can check that α(m) ≤ αd,n(m).
Theorem 4.3. Let X be a smooth projective variety of dimension 5, L be an ample line
bundle on X and x ∈ X be a point. Assume that 5√L5 > 7 and d
√
Ld · Z ≥ 7 for any
subscheme Z ⊂ X containing x of dimension dimZ = d, where d = 1, 2, 3, 4. Then
OX(KX + L) is globally generated at x.
Proof. Let σ = 7. By Proposition 3.4, there exists a rational number q > 7 such that φ(q) >
w−µ(w)(q−σ) for all w ∈ [0, n− 1). By Proposition 3.3, we obtain an effectiveQ-divisor
G linearly equivalent to λL with λ < 1 and critical at x with multiplicity ordxG > λσ. Let
Z be the critical variety and m = multxZ. If dimZ = 0, then the theorem follows from
Lemma 2.1.
(1) Assume that dimZ = 1. Then Z is smooth and α(m) = 1. Therefore
defx(G)
1− λ <
σ
σ − 5 + 1 ≤
7
3
< 7.
Applying Proposition 2.7 and Lemma 2.1, we prove the theorem.
(2) Assume that dimZ = 2. Then m = multxZ ≤ 4. If m ≥ 2, then α(m) = 1 and
defx(G)
1− λ <
σ
σ − 5 + 1 ≤
7
3
<
7√
m
.
If m = 1, then α(m) ≤ 2 and
defx(G)
1− λ <
2σ
σ − 5 + 2 ≤
7
2
< 7.
In both cases, we can construct a new divisor G1 with the following properties: G1
is linearly equivalent to λ1L for λ1 < 1; G1 is critical at x with the critical variety Z1
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properly contained in Z;
defx(G1)
1− λ1 <
{
7
3
m ≥ 2
7
2
m = 1,
by Proposition 2.7. If Z1 is a point, then the theorem follows directly from Lemma
2.1. If Z1 is a curve, we apply Proposition 2.7 again and then Lemma 2.1.
(3) Assume that dimZ = 3. Then m ≤ 6. If m ≥ 2, then α(m) ≤ 2 and
defx(G)
1− λ <
2σ
σ − 5 + 2 ≤
7
2
<
7
3
√
m
.
If m = 1, then α(m) ≤ 3 and
defx(G)
1− λ <
3σ
σ − 5 + 3 ≤
21
5
< 7.
In both cases, we can construct a new divisor G1 with the following properties: G1
is linearly equivalent to λ1L for λ1 < 1; G1 is critical at x with the critical variety Z1
properly contained in Z; and
defx(G1)
1− λ1 <
{
7
2
m ≥ 2
21
5
m = 1
by Proposition 2.7.
Assume that Z1 is a curve. By applying Proposition 2.7 again and then Lemma
2.1, we are done. Assume that Z1 is a point. Applying Lemma 2.1 will do the job.
Assume Z1 is a surface. Then
m1 = multxZ1 ≤
{
4 m ≥ 2
2 m = 1.
Consequently,
defx(G1)
1− λ1 <
7√
m
.
We apply Proposition 2.7 again to draw our conclusion.
(4) Assume that dimZ = 4. Then m ≤ 4 and α(m) ≤ 5−m.
(a) If m = 1, then by Proposition 2.15, we can construct a new divisor G1 critical
at x with the critical variety Z1 properly contained in Z and
defx(G1)
1− λ1 <
σα′
σ − 5 + α′ .
Since m′ = multxZ1 ≤ 3, following the arguments in cases (1), (2) and (3), we
know that defx(G1)
1−λ1 <
7√
m′
. Hence we can apply Proposition 2.7 again.
(b) If m ≥ 2, by Proposition 3.3 and Corollary 3.5 we know that
defx(G)
1− λ <
3σ
σ − 1 =
7
2
<
7
4
√
4
.
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By Proposition 2.7, we can construct a new divisor G1 such that it is critical at
x with the critical variety Z1 properly contained in Z and
defx(G1)
1− λ1 <
7
2
≤ min{7, 7√
4
,
7
3
√
6
}.
Then we can apply Proposition 2.7 repeatedly till we get a 0-dimensional Z.
Summarizing our argument, we see that OX(KX + L) is globally generated at x.

Remark 4.4. We note that the same argument as in the proof of Theorem 4.3 will give a
concise proof of Kawamata’s result (Theorem 1.6) on 4-folds.
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